Using complex quantum Hamilton-Jacobi formulation, a new kind of non-linear equations is proposed that have almost classical structure and extend the Schrödinger equation to describe the collapse of the wave function as a finite-time process. Experimental bounds on the collapse time are of order 0.1 ms to 0.1 ps and the areas where sensitive probes of the possible collapse dynamics can be done include Bose-Einstein condensates, ultracold neutrons or ultrafast optics.
I. INTRODUCTION
Recently there has been considerable interest in the fundamental principles of quantum mechanics, including its theoretical, experimental, and applied aspects [1] [2] [3] , the physical meaning and reality of the wave function being a current focus of attention [4] . Among the least understood features of quantum mechanics is the collapse of the wave function (also known as the reduction of the wave packet)-"the most interesting point of the entire theory" [5] .
In particular, it is not known whether the collapse is instantaneous or takes a finite time [6] . This issue was first raised by von Neumann, and to this day it remains a difficult and unsolved task, notwithstanding the progress in constructing the theories of dynamical collapse [7, 8] . Besides foundational interest, this question is also of utmost importance for quantum computing and quantum communications [9] because the finite collapse time could set the ultimate limit to the speed of quantum computation and information processing. Also, it would shed new light on the basic issues such as the Many-Worlds interpretation of quantum mechanics.
Recent years have also seen rapid growth of attention to a promising novel approach to quantum mechanics: complex quantum Hamilton-Jacobi (CQHJ) formulation [10] ; one of its main purposes is to bring classical and quantum mechanics as close to each other as possible. An important and interesting question is whether or not the new formulation can give us new insights into fundamental long-standing issues such as the quantum measurement problem.
This paper proposes a new family of 'collapsible' Schrödinger equations, i.e., non-linear equations describing the collapse of the wave function as a dynamical phenomenon with a certain time-scale occurring during the final stages of the measurement process. We then mention briefly the experimental consequences of the suggested approach [11] .
II. CLASSICAL MECHANICS IN THE LIGHT OF QUANTUM
Usually, we ask ourselves if quantum mechanics can be recast into a more classical form. But we can also turn this question upside down and ask if classical mechanics can be given a quantum 'look and feel'.
For example, we can ask if anything resembling the wave function f can be introduced into classical mechanics. The first obstacle that we meet is this: If we have two one-particle systems and make out of them one two-particle systems, then wave functions must be multiplied. But in classical mechanics, the lagrangians, hamiltonians, or actions must be added, not multiplied.
There is an easy way out of this difficulty, though [12] . We just need to take an additive quantity, like the action S, and exponentiate it thus making the resulting quantity multiplicative:
(An arbitrary constant had to be introduced for dimensional reasons, and the natural choice for it is the Planck constanth.) Next, what is the classical 'momentum operator' ? Recalling that according to the Hamilton-Jacobi theory p = ∇S, we obtain:
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III. DERIVATION OF THE CQHJ EQUATION
We start with the ordinary Schrödinger equation for a particle of mass m in the potential V (r):
(Throughout the paper, the subscript t denotes the partial derivative with respect to time, f t ≡ ∂f /∂t.) Motivated by the previous discussion, let us introduce a new variable p(r, t):
Our next goal is to obtain a closed dynamical equation for p. Differentiating Eq. (4) with respect to time, we find:
In deriving the second term, we have used the definition (4) rewritten in the form
It is convenient to start ψ-elimination from the second term of Eq. (5). For this purpose, we first find ∆ψ, again using (6):
Plugging this into the Schrödinger equation (3) and multiplying both sides by ip/(hψ), we obtain:
Next, we need to eliminate ψ from the first term of Eq. (5), so we substitute the right-hand side of Eq. (7) into the Schrödinger equation (3) instead of ∆ψ, then take the gradient of both parts and divide both of them by ψ, which yields:
We now add the this formula, part-by-part, with Eq. (8) and then use Eq. (5) to finally obtain:
So it turns out that the complete elimination of the wave function is indeed possible, and Eq. (10) gives a new dynamical equation in a closed form. This equation plays the role of the Schrödinger equation in the CQHJ approach [10] . A slight rearrangement gives this equation an elegant form:
wherep = −ih∇. This suggests introducing the 'quantum Hamiltonian'
so we can rewrite our Eq. (10) in a 'canonical form'
IV. NON-LINEAR EQUATIONS FOR COLLAPSE
The satisfactory description of the measurement process is likely to require a non-linear extensions of the Schrödinger dynamics. If we are looking for such equations, they should combine two features: (a) when the quantum system is isolated, they should go over to the standard Schrödinger equation; (b) they should include the non-linear interaction between the system and apparatus.
From the conventional perspective, it is hard to see which form such equations should take. By contrast, the CQHJ approach can lead us to a solution in the following way:
First, we replace the condition (a) by an equivalent: when the quantum system is isolated, the new equations should go over to the CQHJ equation, which is conveniently rewritten in yet another form
where F = −∇V . Despite being non-linear in terms of p, this equation is, of course, linear in terms of ψ. Second, we need to satisfy condition (b). A natural way to do that is to add an extra 'collapsing' force F c which effectively describes the 'measuring' interaction. The key point here is that the extra force must be non-potential, because otherwise the resulting equation would have the usual Schrödinger form (3) with V replaced by V + V c and therefore would still be linear in ψ.
Thus, finally, one of our non-linear 'collapsible Schrödinger equations' takes the form
Due to its homogeneity, this equation automatically conserves probability. More precisely, the homogeneity here means the invariance of our equation under the transformation ψ → N (t)ψ where N (t) is an arbitrary time-dependent scale factor.
V. EXPERIMENTAL CONSEQUENCES
It can be shown [11] that the collapsible Schrödinger equations can lead to remarkable consequences. Instead of the traditionally assumed instantaneous collapse, we now have the possibility that it is a continuous physical process taking a finite, non-zero time to proceed. This feature offers an exciting opportunity of experimental tests. Due to the limited space, we refer the interested reader to Ref. [11] for more details, including the experimental bounds on the collapse time (of order 0.1 ms to 0.1 ps) and its convenient dimensionless measure which helps to identify the areas where sensitive probes of the possible collapse dynamics can be done. Examples are experiments with Bose-Einstein condensates, ultracold neutrons or ultrafast optics.
Our approach is not to be confused with the well-known dynamical collapse theories of Ghirardi-Rimini-Weber and Pearle (CSL) where localization is occurring spontaneously and continuously, even in the absence of a measuring device, due to a stochastic noise the physical source of which is yet to be clarified [7] . Unlike CSL, our collapsible Schrödinger equations can be non-stochastic, noiseless.
Also, it is quite distinct from the earlier models of the Bohm-Bub type [8] in that it may not require any hidden variables [11] .
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